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Abstract

In this paper we offer new representations for Drazin inverse of
block matrix, which recover some representations from current litera-
ture on this subject.
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1 Introduction

Let A be a square complex matrix. By rank(A) we denote the rank of a
matrix A. The index of a matrix A, denoted by ind(A), is the smallest
nonnegative integer k such that rank(A*+1) = rank(A*). For every matrix
A € C™" such that ind(A) = k, there exists the unique matrix A% € C"*",
which satisfies following relations:

AR AT = AR AYAAY = A9, AAT = A%A.

Matrix A? is called the Drazin inverse of matrix A (see [1]). In the case
ind(A) = 1, the Drazin inverse of A is called the group inverse of A, denoted
by A% or A9. The case ind(A) = 0 is valid if and only if A is nonsingular,
so in that case A% reduces to A~!. Throughout this paper we suppose that
AY = I, where I is identity matrix, and Zf:_f x* =0, for k < j.

The theory of Drazin inverse of a square matrix has numerous appli-
cations, such as in singular differential equations and singular difference
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equations, Markov chains and iterative methods (see [2, 4, 5, 6, 8, 9]). An
application of the Drazin inverse of a 2 x 2 block matrix can be found in
2, 3, 7.

In 1979 Campbell and Meyer[4] posed the problem of finding an explicit
representation for the Drazin inverse of 2 x 2 complex matrix

(1.1)

v=|z |

cC D
in terms of its blocks, where A and D are square matrices, not necessarily
of the same size. Until now, there has been no formula for M? without
any side conditions for blocks of matrix M. However, many papers studied

special cases of this open problem and offered a formula for M9 under some
specific conditions for blocks of M. Here we list some of them:

(i) B=20 (or C =0) (see [10, 11]);
(i) BC =0, BD =0 and DC = 0 (see [6]);

(ili) BC =0, DC =0 (or BD =0) and D is nilpotent (see [7]);

(iv) BC =0 and DC =0 (see [12]);
(v) CB=0and AB=0 (or CA=0) (see [12, 13]);

?

(vi) BCA=0, BCB=0, DCA=0and DCB =0 (see [14]

)

)

)

)

) 14])
(vii) ABC' =0, CBC' =0, ABD =0 and CBD = 0 (see [14]);

) 15]);

)

)

)

)

(viii) BCA=0, BCB =0, ABD =0 and CBD =0 (see [15]

(ix) BCA=0, DCA=0,CBC =0, and CBD = 0 (see [15]);

)

(x) BCA=0,BD =0and DC =0 (or BC is nilpotent) (see [16]);
(xi) BCA=0, DC =0 and D is nilpotent (see [16]);

(xii) ABC =0, DC = 0and BD = 0 (or BC is nilpotent, or D is nilpotent)
(see [17]);

(xiii) BCA =0 and BD =0 (see [18)]);
(xiv) ABC =0 and DC =0 (or BD = 0) (see [18, 19]).

In this paper we derive representations for M® which recover represen-
tations from previous list.



2 Key lemmas

In order to prove our main results, we first state some lemmas.

Lemma 2.1 [14] Let P,Q € C™*" be such that ind(P) = r and ind(Q) = s.
If PQP =0 and PQ? =0 then

(P+Q)" = Y1+ Ya+ (Vi(P)? + (@12 — Q(P")? = (Q)?P") PQ.

where ) .
Yi=) QU (PY*, Ya=3 Q)PP (2.1)
i=0 i=0

Lemma 2.2 [14] Let P,Q € C™*" be such that ind(P) = r and ind(Q) = s.
If QPQ = 0 and P?>Q =0 then

(P+Q) =i + Y2+ PQ (Vi(P)? + (@)Y — Q'(P)? - (Q")*P").

where Y1 and Ya are defined by (2.1).

Lemma 2.3 [20] Let M € C"*™ be such that M = { 0 B ] , B € cpx(n-p),

C 0
C € C(n=P)XP_ Then

M= { (cg)dc B(%B)d ] '

Deng and Wei [21] gave representations for the Drazin inverse of upper
anti-triangular block matrix under some specific conditions. Here we state
these results and some additional facts, which we will be useful to prove our
results. Consider the block matrix of a form (1.1), where D = 0:

A B
w-[2 8] o
Lemma 2.4 [21] Let M € C™™" be matriz of a form (2.2). If ABC =0,
then
PA oB
d _
M _[ch C(I)QAB}’

where

t1—1 v1—1
O = (A’+BC)? = > (BO)"(BC) (A2 4+ 3 " ((BC)H) T A A™ (2.3)
=0 1=0

and t; = ind(BC), v; = ind(A?).



Remark 1 Let M be matriz of a form (2.2). If conditions of Lemma 2.4
are satisfied, we have that:

M2k — [ (A% + BO)FA (A*+ BC)*B

C(A2 + BC)k C(A%+ BC)k-1AB ]  Jork 21

and

A2k — [ (A% 4 BC)* (A%2 4+ BC)*'AB

C(A%+ BC)F1A C(A?+ BC)F'B ]  Jork 2 1.

Notice that (A% + BC)* = (BC)* A% | for k > 0. Also, (A> 4+ BO)™ =

M-

[e=]

j
A™ — BC® = (BC)™ — ®A2. We can check that

t1—1 v1—1 k—1
‘bk — Z(BC)W(BC)Z(Ad)2z+2k+ Z ((BC)d)H_kA%AW*Z((BC)d)k_i(Ad)%,
=0 =0 =1

for k > 1. Therefore we have

Phtlg  Phtlp
(M1 — [ COETl CpM2AR ] , for k>0
and i -
P P B
(Md)2k _ [ CottIA C(aHHB ] , for k> 1.

Lemma 2.5 [21] Let M € C™"™ be as in (2.2). If BCA =0, then

Md_[AQ OB }

CQ CAQ’B
where
t1—1 vi—1
Q= (A+BC) =) (AN (BC)(BC)™+ > ATAY((BC))™ (2.4)
1=0 1=0

and t; = ind(BC), v; = ind(A?).



Remark 2 Let M be matriz of a form (2.2). If conditions of Lemma 2.5
hold, we have that:

A(A2 —i—BC)k (A2 +BC)kB

2%h+1 _

M - [ C(A%+ BC)F CA(A® + BC)*1B |’ fork>1

and

o _ [ (A2+BC) A4+ BC)D
M= = [ CA(A%+ BC)F=1 C(A2+ BC)-1B |’ for k> 1.

k

Clearly, (A% + BC)* ZAQJ BCY¥I, for k > 0. Also (A?> + BO)™ =
j=0

A™ — QBC = (BC)™ — A%Q. Furthermore, we have that
t1—1 v1—1 k—1

OF — Z(Ad)QH-Qk(Bc) (BC +Z Aﬂ'A2’L BC H—k: Z Ad 21 BC
=0 1=0 =1

for k> 1. Hence we get that

AQFL QB
(A2t — [ Dok ok ] , fork >0
and By Q41
Q QF B
(Md) [ CAQFT  CQEHLp }, fork > 1.

In following two lemmas we present two new representations for Drazin
inverse of lower anti-triangular block matrix. Consider the block matrix of

a form (1.1) such that A = 0:
0 B
M = [ oD ] . (2.5)
Lemma 2.6 Let M € C™™™ be matriz of a form (2.5). If DCB =0, then

el — [ BY2DC BV ]

vC UD
where
t2_1 . . V2_1 . .
U = (D*+CB)* =Y " (CB)"(CB) (D) 2+ " ((CB)*)"™ D* D™ (2.6)
1=0 =0

and ty = ind(CB), vy = ind(D?).



Proof. First, notice that from DCB = 0 we have that matrices D? and
C'B satisfy the conditions of Lemma 2.1. Hence we get

t2—1 vo—1
(D2 + C’B)d = Z(CB)”(CB)i(Dd)%*? + Z ((CB)d)z#lDQz‘Dw'
=0 i=0

Consider the splitting of matrix M

wo [0 8]- [0 5] [8 2] -rve

Since DCB = 0 we have that PQ? = 0. Also, we have PQP = 0. Therefore
matrices P and () satisfy the conditions of Lemma 2.1 and

(P+Q)" = Yi+Ya+ (Yi(P)? + (@)Y — QU(PY)? - (Q")2P") PQ, (2.7)
where Y7, Y5 are as in (2.1). Clearly,

QQ’“:[(Bc()J)k (cOB)’“]’Q%H:{ ; B(CB)k]’forkZO'

Furthermore, by Lemma 2.3 we have

dyk+1
@%%:{B«o?>+ (méwﬁ]jnkzL

0 B((CB)d)k—f—l
d\2k+1 _ >
@ =] epprie YT ez
After computing, we get
t271 . .
0 B Z (CB)TF(CB)Z(Dd)21+2
Yl = t2i_:10 ’ (28)
0 Z(CB)W(CB)z(Dd)QZJrl
i=0
V2_1 . .
0 B Z ((CB)d)Z+1D2'LDTr
Yy = szlzo . (2.9)
(CB)dC Z ((CB)d)i+1D2i+1D7r
i=0
After substituting (2.8) and (2.9) into (2.7) we get that the statement of the
lemma is valid. O



Remark 3 Let M be matriz of a form (2.5) such that DCB = 0. Then

2k+1 __
and
s _[ B+ CBIIC B(D? 4 CB)-1D
M - |: (D2+CB)k_1DC (D2+CB)k R fO/]ﬂkZl
k . .
It can be checked easily that (D* + CB)* = 3" (CB)* D%, for k > 0, and
j=0

(D? +CB)™ = D™ — CBV = (CB)™ — UD2. Also, we have that

t2—1 va—1 k—1
‘lfk — Z (CB)W(CB)i(Dd)%—I—Qk_'_ Z ((C«B)d)i—l—kDZti_Z((CrB)d)k—i(Dd)%7
1=0 =0 =1

for k> 1. Therefore we get

(M2 — [ BU*2pDC BwktH!

\I/k+10 \I/k+lD :| ) fO?“/{: >0

and
B\I/kJrlC B\I/kJrlD

(Md)Qk = I: Ukl po pk

] , for k> 1.

Using the similar method as in the proof of Lemma 2.6 we can get the
following result.
Lemma 2.7 Let M € C"*" be as in (2.5). If CBD =0, then

A — { BDT2C BT ]

ING; Dr
where
to—1 vo—1
T = Z(Dd)2i+2(CB)i(CB>7r + Z D7rD2i((CB>d)i+1 (2.10)
=0 1=0

and ty = ind(CB), vy = ind(D?).



Proof. Since CBD = 0, using Lemma 2.1 we get (2.10). Now, if we split
matrix M as

0 B 0 B 0 0
v=lenl=leo]tlo p]=rre

we have that QPQ = 0 and P2Q = 0. Hence, the conditions of Lemma 2.2
are satisfied. After applying Lemma 2.2 and Lemma 2.3 we complete the
proof.O

Remark 4 Let M be as in (2.5) and let CBD = 0. Then

BD(D? + CB)*-1C B(D?+ CB)
2%k+1 _
M = [ (D? + CB)kC D(D2+CB)* | fork>1
and
2k B(DZ—l—CB)k*lC BD(D2+CB)’“*1
M= [ (D? + CB)k-1C (D? + CB)* , fork>1.

k

Clearly (D*> + CB)* = > D*(CB)*, for k > 0, and (D? + CB)" =
5=0

D™ —TCB = (CB)™ — D?T. In addition, we can get that

t2—1 va—1 k—1
Fk — Z(Dd)2l+2k(CB)l(CB)7r+Z Dfr‘DQi((C«B)d)i+k_z:(l)d)Zi((Cf‘B)d)kfi7
i=0 =0 =1

for k> 1. Also, we can get that

BDFk+QC Bl—‘k—i—l
(Md)2k+1 = [ IazTe: Drk+1 :| , for k>0
and k+1 k+1
BI**C BDTI'
(Md)zk = |: DFkJrlC Fk: :| ) fO?” k > 1.

3 Representations

Consider the block matrix M of a form (1.1). Djordjevi¢ and Stanimirovié
[6] gave explicit representation for M? under conditions BC' = 0, BD = 0
and DC = 0. This result was extended to a case BC = 0, DC = 0 (see
[12]). As another generalization of these results, Yang and Liu [14] gave the



representation for M? under conditions BCA = 0, BCB = 0, DCA = 0
and DCB = 0. In the next theorem we derive an explicit representation for
M? under conditions BCA = 0, DCA = 0 and DCB = 0. Therefore we
can see that the condition BCB = 0 from [14] is superfluous.

Theorem 3.1 Let M be matriz of a form (1.1) such that BCA =0, DCA =
0 and DCB = 0. Then

Al 4 ¥,C BVU + A%,
Me=| WO+ CASC + C(A)? :
Pt (2) D? + O
—CAYBY2D + ABU?)C

where
S = (lep’f n (Ad)%vg) D+ A (Vl\pk n (Ad)%VQ) fork=0,1, (3.1)

vi—1

Vi=> ATAYBUT? (3.2)
=0
#171 . . Ml . .
Vo= ) (AY)*HMB(D*+CB)'D™ - ) (AY)**?B(CB)'Y, (3.3)
i=0 =0

vy = ind(A?%), p1 = ind(D? + CB) and VU is defined by (2.6).

Proof. Consider the splitting of matrix M

A B 0 B A0
M_[C D}_[C D]+[0 0]._P+Q.
Since BCA = 0 and DCA = 0 we get P?2Q = 0 and QPQ = 0. Hence
matrices P and () satisfy the conditions of Lemma 2.2 and

(P+ Q)" =Y1 +Ya + PQY1(P?)? + PQ™Y> — PQQ*(P)? — PQ"P?, (3.4)

where Y7 and Y3 are as in (2.1). By the assumption of the theorem DCB = 0
we have that matrix P satisfy the conditions of Lemma 2.6. After applying
Lemma 2.6 and using Remark 3, we get

(ViD + AV}))C A™BUY + A(ViD + AVy) ] (3.5)

n= [ 1 76] D

A%+ (VoD + AV)C B — A"BU + A(VaD + AVy)
Y, = 0 0 ., (3.6)



where V; and V5 are defined by (3.2) and (3.3), respectively. After substitut-
ing (3.5) and (3.6) into (3.4) and computing all elements of (3.4) we obtain
the result. O

As a direct corollary of the previous theorem we get the following result.

Corollary 3.1 Let M be as in (1.1). If DCB =0 and CA =0 then

A — A4+ 30C BY + A%
- 176} UD ’

where X is defined by (3.1) and ¥ is given in (2.6).

Notice that Corollary 3.1, therefore and Theorem 3.1 is also a generaliza-
tion of representation for M under conditions CB = 0 and C'A = 0 which
is given in [13].

The next result is a corollary of Theorem 3.1. Also, we can get the
0 0 } [ A B

following result using the splitting M = [ 0 D o0 ] =P+ Q

and applying Lemma 2.1 and Lemma 2.5.

Corollary 3.2 Let M be matriz of a form (1.1). If BCA=0 and DC =0

then
- AQ QB+ RD
CcQ DY+ CR |’

where

R = (Ry + R2)D + A(R;1 + Ry),

,U,Q—]. M2
Ry =Y A™(A®+ BC)'B(D")* ™ - " Q(BC)'B(D")* 2,
1=0 =0
V2_1 . .
Ry= Y QF?BD*DT,
1=0

vy = ind(D?), po = ind(A% + BC) and Q is defined by (2.4).

We remark that Corollary 3.2, hence and Theorem 3.1 is also extension
of results from [16], where beside conditions BCA = 0 and DC = 0 addi-
tional condition BD = 0 (or D is nilpotent) is required.

Castro-Gonzélez et al. (see [16]) gave explicit representation for A¢
under conditions BCA = 0, BD = 0 and BC is nilpotent (or DC = 0).

10



This result was extended to a case when BCA = 0 and BD = 0 (see [18]).
The following theorem is extension of these results.

Theorem 3.2 Let M be matriz of a form (1.1) such that BCA =0, ABD =
0 and CBD = 0. Then

QB + BD(F1Q + (DY) F,)B
+B(D%)? — BDYCA+ DC)Q?B |, (3.7)
CQ+ D(Fy + F,) D+ (Fy + F»)B

Md— AQ—l—B(Fl—l-FQ)

where
vo—1

Fy =) D'D*(CA+DC)Q"?,

=0

M2_1 . . HQ . .
Fy =Y (D)™™ (CA+ DC)(A* + BC)(BC)™ - Y (D"**2(CA + DC)A%Q,

i=0 1=0

vy = ind(D?), po = ind(A% + BC) and Q is defined by (2.4).
Proof. If we split matrix M as

A B 00
C 0] [0 D}‘:PJFQ'

we have that QPQ = 0 and P?Q = 0. Hence, matrices P and @ satisfy the
conditions of Lemma 2.2. Since BC'A = 0, matrix P satisfies conditions of
Lemma 2.5. Using the similar method as in the proof of Theorem 3.1, after

applying Lemma 2.2, Lemma 2.5 and using Remark 2, we get that (3.7)
holds. O

|

Notice that Theorem 3.2 is also generalization of representation from
[15] where additional condition BC'B = 0 is required.

In [15] a formula for M? is given under conditions BCA = 0, DCA = 0,
CBD = 0 and CBC = 0. In the next theorem we offer a representation
for M9 under conditions BCA = 0, DCA = 0 and CBD = 0, without
additional condition CBC = 0.

Theorem 3.3 Let M be as in (1.1). If BCA=0, DCA=0 and CBD =0
then
Ad + (G1 + GQ)C BT + A(Gl + GQ)
M = IO+ CA(GT + (A%)2Gy)C
+C(A%? — CAYAB + BD)I'’C

)

DT + C(G1 + Ga)

11



where

vi—1
Gy =) _ A"A*(AB+ BD)I""?, (3.8)
1=0
,LL]_*l . . H . .
Ga= > (A" (AB+BD)(D*+CB) (CB)"™~> (A%)*"*(AB+BD)DT,
i=0 1=0

(3.9)
v) = ind(A?%), p1 = ind(D? + CB) and T is given in (2.10).

Proof. Using the splitting of matrix M

OB] [AO

M:[CD oo]::PH?’

we get that conditions of Lemma 2.2 are satisfied. Also, we have that matrix
P satisfies the conditions of Lemma 2.7. Using these lemmas and Remark
4, similarly as in the proof of Theorem 3.1, we get that the statement of the
theorem is valid. O

Corollary 3.3 Let M be matriz of a form (1.1). If CBD =0 and CA =0,
then
A — Al + (G1 + G2)C BT + A(Gy + G2)
NG Dr ’

where ', G1 and Go are defined by (2.10), (3.8) and (3.9) respectively.

We can see that Theorem 3.3 and Corollary 3.3 are also extensions of
representation for M? under conditions CB = 0 and CA = 0 (see [13]).

In [12] a representation for M? is offered under conditions AB = 0 and
CB = 0. This result was extended in [14], where a formula for M? is given
under conditions ABC = 0, ABD = 0, CBD = 0 and CBC = 0. In
our following result we derive the representation for M? under conditions
ABC =0, ABD = 0 and CBD = 0, without additional condition C BC' = 0.

Theorem 3.4 Let M be matriz of a form (1.1). If ABC =0, ABD =0
and CBD = 0. Then

BT + BO{AB + (AY?B
. Al + BO, ot 2( )d
M — —B(T'?2CA + DI2C)AB |, (3.10)
I'C +6pA D+ ©yB

12



where

O = (Kl(Ad)% + r%) A+D (Kl(Ad)% + r%) , fork=0,1, (3.11)

pn1—1 H1
Ky =) D"(D*+CB)'C(A)* ™ -3 "T(CB)'C(A)* ",  (3.12)
i=0 1=0
Vlil . .
Ky =Y TH2CA¥Am, (3.13)
=0

v) = ind(A2%), p1 = ind(D? + CB) and T is defined by (2.10).

Proof. We can split matrix M as M = P + @Q, where
A0 0 B
p-[0a)e-[e 5]
According to assumptions of the theorem, we have that PQP = 0 and
PQ? = 0. Hence we can apply Lemma 2.1 and we have

(P+Q)" = Yi+ Y2 + (Vi(P)? + (@122 — Q1P - (Q)*P") PQ,
(3.14)
where Y] and Y3 are defined by (2.1). Since CBD = 0, matrix @ satisfies
condition of Lemma 2.7. After applying Lemma 2.7 and facts from Remark
4 we get

v — A’ + B(K1A+ DKy) 0 (3.15)
' | TC—TCA™ + (K1A+ DK)A 0 |’ '
B B(K2A+ DK>) BT
Y2= [ ICA™ + (K2A+ DK3)A DT |’ (3.16)

where K7 and Ky are given in (3.12) and (3.13), respectively. Now, by sub-
stituting (3.16) and (3.15) into (3.14) we get that (3.10) holds. O

Notice that Theorem 3.4 is also an extension of a case when ABC = 0
and BD = 0 (see [19]).
The following result is direct corollary of Theorem 3.4.

Corollary 3.4 Let M be given by (1.1). If CBD =0 and AB = 0 then

[ A%+ Be, BT
T | TC+60A DI |’

where I' and ©g are defined by (2.10) and (3.11) respectively.

Md

13



As another extension of a result from [12], where formula for M? is given
under conditions AB = 0 and C'B = 0, we offer the following theorem and
its corollary.

Theorem 3.5 Let M be matriz of a form (1.1). If ABC =0, ABD =0
and DCB = 0 then

A1+ BN+ Vo) BV + B(N1(A%)? + UN,)AB

M = +(AY2B — BU?(CA+ DC)A'B |,
\I/C+(N1+N2)A \IJD+(N1+N2)B
(3.17)
where
p1—1 ' ) M1 ) )
Ny = Z (C’B)’T(DQ—i—CB)l(CA—l—DC)(Ad)2”+4—z \IIDQI(CA—l—DC’)(Ad)m“,
i=0 i=0
(3.18)
vi—1
Ny = WH(CA+ DC)AY AT, (3.19)
i=0

vy = ind(A?%), p1 = ind(D? + CB) and VU is defined by (2.6).

Proof. Using the splitting

A 0 0 B
M:[O 0]+[C D]::P+Q’

we get that matrices P and @) satisfy the conditions of Lemma 2.1. Further-
more, matrix () satisfies the conditions of Lemma 2.6. After applying these
lemmas, using Remark 3 and computing, we get that (3.17) holds. O

Next corollary follows immediately from Theorem 3.5.

Corollary 3.5 Let M be given by (1.1). If DCB =0 and AB =0 then

Al — Al 4+ B(N1 + No) BV
UC + (Ny + No)A D |
where W, N1 and No are defined by (2.6), (3.18) and (3.19), respectively.
Cvetkovi¢ and Milovanovié¢ (see [17]) offered a representation for A?

under conditions ABC = 0, DC = 0 , with third condition BD = 0 (or
BC is nilpotent, or D is nilpotent). Cvetkovi¢ - Ili¢ (see [18]) extended this

14



result and gave a formula for M? under conditions ABC = 0 and DC = 0,
without any additional condition. In our next result we replace second
condition DC = 0 from [18] with two weaker conditions. Therefore, we can
get results from [17, 18] as direct corollaries.

Theorem 3.6 Let M be matriz of a form (1.1), such that ABC = 0,
DCA =0 and DCB =0. Then

PA+ (U + Us)C ®B + (Uy +Us2)D

M4 = Cd + C(U1(DY? + dUs) DC

D4+ C(Uy + U
+(D%)2C — C®%(AB + BD)DIC O+ )

where
/14271 . . /’LQ . .
Up= )Y (BC)"(A>+ BC)'(AB + BD)(D)*** — Y " ®A%(AB + BD)(D")**?
=0 =0
V2_1 . .
Uy= > ®"*(AB+ BD)D*DT,
=0

vy = ind(D?), pg = ind(A% + BC) and ® is defined by (2.3).
Proof. If we split matrix M as

00} [AB

M:[OD CO}::PjLQ’

we have PQP = 0 and PQ? = 0. Also, matrix P satisfies conditions of
Lemma 2.4. After applying Lemma 2.1, Lemma 2.4, Remark 1 and comput-
ing we get that the statement of the theorem is valid. O
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